An inductive method for a systematic selection of energy functions of interatomic interactions in large families of molecules is suggested and is applied to the family of cycloalkane and n-alkane molecules. Equilibrium conformations, vibrational frequencies, and excess enthalpies, including strain energies and vibrational enthalpies, are all derived from the same set of energy functions. The energy-function parameters are optimized by a least-squares algorithm to give the best possible agreement with a large amount and variety of observed data. Analytical derivatives of the various calculated quantities with respect to the energy parameters help to facilitate the computational procedures. The resulting agreement with experiment is used as a measure of success of the energy functions with optimized parameters, referred to as "consistent force field" (CFF). Different CFF's are compared and selected according to their relative success. Energy functions commonly used in conformational analysis are examined in preliminary consistent-forcefield calculations and are found inadequate. Considerable imporvement is obtained when Coulomb interactions between residual atomic charges are included, and when interactions between atoms bonded to a common atom are represented by a Urey-Bradley-type force field, while Lennard-Jones potentials are used for nonbonded interactions between atoms separated by more than one atom. Vibrational frequencies as well as vibrational molecular enthalpies are derived for all cycloalkanes C, through CIS. The spectroscopic force constants are derived from the CFF as functions of molecular conformations. Agreement with available spectroscopic assignments of frequencies is reasonably good. A few improvements are suggested for cyclopentane assignments. The path and moment of inertia of pseudorotation in cyclopentane are calculated. Cyclodecane frequency assignments, based on the derived conformational C2h symmetry, are suggested for the first time. Calculated excess enthalpies of C~lO and medium cydoalkanes agree well with observed values. Contributions of vibration-translation-rotation are shown to amount to a significant part of the excess enthalpy.
INTRODUCTION
A large amount of experimental data has been accumulated on the thermodynamic functions, vibrational spectra, conformations and crystalline structure, virial coefficients, and nonequilibrium properties of alkane molecules. All these are determined by the properties of the C-H and C-C bonds of which the whole family of alkane compounds is comprised. There is much evidence to support the conjecture that a limited set of elementary energy functions is associated with these bonds, such that the energy of any alkane molecule is obtained as a sum of such elementary functions. If this conjecture is correct, then the knowledge of these functions is sufficient to predict all the above-mentioned observable properties of alkanes. Conversely, analysis of experimental data may suggest the form of some of these functions. The functions thus suggested have to be consistent not only with the data from which they were derived, but with all other relevant experimental facts. The application of this inductive method to the whole family of alkane molecules requires a systematic extension of the search for the appropriate functions.
It is commonly assumed that the use of empirical and semiempirical energy functions in conformational analysis is "classical," in contradistinction to quantummechanical calculations. We suggest that the basic the former is an inductive method, seeking a common analytical representation to a large set of observable phenomena. In fact, there is nothing "classical" in these functions, as they are not deduced from classical physics. They may just as well be considered as an empirical representation of the Bom-oppenheimer approximation, according to which the ground state of molecules is a continuous function of the atomic coordinates.
The series of cycloalkane molecules has a particularly important role in examining the adequacy of potential functions. It is well known that the ring structure of medium-size cycloalkane molecules requires the bending of the C-C-C bond angles and the twisting of the C-C bond torsional angles from their positions of minimal energy. Since the strain energy is a function of these dis torsions, valuable information about the potential energy of intramolecular interactions may be derived from the study of equilibrium conformations of cycloalkanes, in comparison with those of n-alkanes.
Calculations of equilibrium conformations and strain energies of cycloalkane molecules have been performed with high-speed computers by Hendrickson, firstl for C5-C7 and then 2 for Co-ClO, and by Wiberg' (Ca, ClO, C 12 ). Such calculations have been further persued by Bixon and Lifson, 4 who covered the whole homologous series of medium rings, C r C 12 , varying systematically some of the energy parameters in order to obtain better agreement with experimental data on molecular conformations and enthalpies. Recently Hendrickson 5 revised .his calculations for CrClo, improving systematically hIS energy parameters. He extended his calculations to methyl-substituted rings 6 and to the study of the modes of interconversion of rings. 7 Wiberg's scheme' was applied by Gleicher and Schleyer'! to the study of solvolysis rates of bridgehead-substituted polyc~clic 9bromide~ .. Allinger, Miller, Van Catledge, and HirsCh used a sundar scheme for the conformational analysis of a number of normal, branched, and cycloalkanes. The computational scheme of Bixon and Lifson 4 resolved a puzzling situation in the x-ray :malysis of 1,1,5,5-tetramethyl-cyclodecane, by showtng that the crystal is made of a random mixture of two conformers,lo.u and predicted successfully the enthalpy difference between 1,1,5 ,5-tetramethylcyclodecane and its 1,1 ,4,4-isomer. 1O • 11 Jacob, Thompson, and Bartell 12 applied similar calculations to a more general family of hydrocarbons. The use of energy functions to calculate molecular geometry has been extended by several authors to study the conformations of polypeptides and proteins. ls
In ~e. present communication we extend the study of empmcal energy functions of intramolecular interactions in alkane molecules in two directions: One is the calculation of equilibrium conformations, vibrational spectra, strain energies, and vibrational enthalpies all from the same energy functions, applied to the cycloalkane series from C5 through C 12 , and to ethane and n-butane. The other is the optimization of energy parameters by a least-squares method to obtain best fit with experimental data related to all above-mentioned calculation. With optimized parameters, the degree of succe~ of our calculations depends only on the assumed func~o?al form of the intramolecular energy. By examtnmg a number of suggested energy functions we learn much .about their properties, and by selecting the fitte~t. we Improve ~ystematically the capability of empmcal and semlempirical energy functions to calculate molecular properties.
: J. B. Hendr!ckson, J. Am. Chem. Soc. 89, 7036 (1967 MUTUALLY CONSISTENT CONFORMATIONAL AND VIBRATIONAL ANALYSIS The potential energy of intramolecular interactions used for calculation of strain energies and conformations is commonly assumed to be the sum of contributions from bond stretching, bond-angle bending, torsionalangle twisting, and nonbonded interactions. While the contributions of bond stretching and bending are taken from spectroscopic analysis, the torsional and nonbonded interaction functions are taken from other sources. The resulting potential energy is, however, inadequate to calculate with it the fundamental modes of vibration of the same molecules, because the torsional and nonbonded interaction functions affect the vibrational modes significantly.14 The use of such potentials for vibration analysis causes calculated frequencies to deviate from experiment by up to several hundred wavenumbers, as was verified by us in several test cases.
Here we combine conformational analysis and vibrational analysis into a unified self-consistent procedure. Considering the Taylor expansion of the total intermolecular energy function V(r) of the atomic coordinates r, around the equilibrium coordinates ro, a +! L (a2V/araarll)~raBrll+' ", (1) a.1I
we attribute simultaneously the appropriate physical meaning to each term in the series.
A. The First Term Represents the Strain Energy
Our computer program calculates VCr) for a given conformation r for any cycloalkane or n-alkane molecule, from a set of energy functions.
B. Equilibrium. Conformation
The vanishing of the second term, i.e., the solution of the set of equations (2) represents the condition that ro is an equilibrium conformation. The computer program for solving these equations starts with a trial conformation, and moves down the energy surface along the steepest-descent path,a·4 using analytical expressions for the derivatives of the energy functions. The convergence of this method is rapid when r is far from equilibrium, but too slow near equilibrium. At this stage we revert to the modified Newton-Raphson method. A set of linear equations for ~r is obtained by expanding the gradient, VV(r), in a Taylor series at a point near equilibrium. Equation (2) is then written
where F is the matrix of second derivatives
The equilibrium conformation is obtained by solving Eq. (3) for ~r, which yields ro=r+~r=r-F-lvV(r).
Note that F is singular in Cartesian coordinates, and that rotations and translations have to be excluded by using either internal or normal coordinates (see next paragraph), before F can be inverted.
C. Normal Modes of Vibration
The third term in Eq.
(1) represents the potential energy of molecular vibrations around the equilibrium conformation roo It depends on ro and can be written as
where F is defined by Eq. (4). The vibrational kinetic energy of the molecule is given, provided ro and ~r are represented in Cartesian coordinates, by ~T=tor'Mor,
where M is a diagonal matrix of the atomic masses.
The secular equation for the normal-mode vibrations, as derived from the Langrangian equations of motion, is 5'oq=Mq,
where oq =MI/2~r, and 5'=M-l/2FM-I/2. Among the 3m eigenvalues (where m is the number of atoms) 3m-6 are i\a= (271"Va) 2, Va being normal frequencies. mine a set of about 30 force constants, they obtained excellent agreement (0.25%) between calculated and observed values of several hundred frequencies in about 20 n-alkane molecules. The agreement was still good, although expectedly reduced (1%) when alkanes which are branched or contain six-membered rings were included, since in these molecules, bond angles and torsional angles are approximately unstrained. The transferability of force constants is, however, not expected to hold for highly strained molecules like cyclopentane and medium cycloalkanes. According to Eq. (6), the force constants are derived quantities which depend on the equilibrium coordinates, and may vary accordingly from molecule to molecule. Therefore, a function VCr) which represents faithfully the energy of the whole series of cycloalkanes may be expected to predict faithfully their vibrational frequencies.
EXCESS ENTHALPY
There is a further reason in favor of a consistent conformational and vibrational analysis. The experimental counterpart of the excess strain energy is the excess enthalpy in the gaseous state, as derived from calorimetric measurements. The calculated excess strain energy of a cycloalkane molecule of n carbon atoms, over that of the cyclohexane chair conformation, is defined as .
where ro(n) is the equilibrium conformation of a in ring n carbon atoms. In order to compare 6. V(n) with experimental values of excess enthalpy,
it is necessary to add to 6. V(n) the corresponding excess enthalpy of vibration, rutation, and translation,18 6.H vrt(n). Vibrational enthalpies are not available experimentally for most cycloalkanes because of difficulties in assignments of the fundamental frequencies, partly due to the lack of knowledge of the appropriate force constants. Now, if vibrational frequencies and strain energy are derived from the same set of functions, the vibrational enthalpy may be combined with strain energy to give a consistent prediction of excess enthalpy. This is carried out here by inserting the calculated frequencies POI into the statistical- 
LEAST-SQUARES OPTIMIZATION OF ENERGY PARAMETERS
(12)
The requirements of a consistent conformational and vibrational analysis are too stringent to be fulfilled by energy functions with parameters adapted by trial and error. Therefore, to achieve a best fit between calculated and experimental results, we apply a least-squares method. The parameters of the energy functions are varied by an iterative process, gradually reducing the sum of squares of all differences between calculated and experimental quantities on which the method is applied, until it reaches a minimum value. A set of functions with such optimized parameters will be referred to as a consistent force field for simultaneous conformational and vibrational analysis (CFF).
By applying the same optimization procedure to the parameters of different sets of energy functions, and by gradually increasing the scope of experimental data on which the method is applied, a systematic improvement of our understanding of the nature of intramolecular interactions is obtained.
The optimization procedure is as follows: Let X= I x m ), denote a vector whose components are the parameters of the various energy functions comprising the total strain energy. Let lly( = Ycalc-Yexptl) denote a vector whose components are the differences between the calculated and observed values of the excess enthalpies equilibrium conformations, and vibrational frequencie~ of all molecules under consideration, i.e., lly= I llllH(n), Ll8{)(n), llv,,(n»), where the superscript (n) denotes the various alkane molecules. The equilibrium conformations are represented here by internal coordinates So to . ' secure a umque one-one correspondence between calculated and experimental coordinates. Nevertheless, all calculations of the various molecular properties are performed, for the sake of convenience and computer time saving, in Cartesian coordinates, r. The end results of the calculations are then transformed to internal coordinates.
In general Lly is a nonlinear function of x. Its Taylor expansion at a point x, Lly(x+t5x) =Lly(x)+Z·t5x+··· (13) (where Z is a matrix whose elements are Zlm=aYllax".)
establishes a linear relation between lly[ == Lly(x+t5x) j and small increments t5x. Agreement between calculations and experiments is improved if t5x is such as to reduce the value of the expression (lly'P) (Plly) , where P is a diagonal matrix of weighting factors. This improvement is obtained when (lly'P) (Plly) is minimized, subject to the condition that t5x is sufficiently small so that higher terms in the Taylor expansion are negligible. The condition is imposed by requiring t5x' ·t5x to be a small constant. Thus ax has to be the solution of the set of equations
where ~ is a Lagrange multiplier. Equations (13) and (14) together give
gives the required linear improvement of x, provided ~ is sufficiently large, corresponding to sufficiently small values of t5x' ·t5x. This procedure is iterated, until the sequence of values X(k+l)=X(k)+t5X(k) converges to the optimal values of the energy parameters. The roWS of the matrix Zlm=aYI/ax". are of three kinds, allH(n) lox"., oso(n) lax"., and av,,(") lax".. They are calculated as follows:
(1) The excess enthalpy derivative is, by Eq. (12),
.). (17)
The first term is derived directly from the potential energy as an explicit function of x. The second term has been found to be relatively insensitive to changes in x and is therefore omitted from Eq. (17). Note, however, that .6.H vrt itself remains part of the calculated excess enthalpy in the enthalpy components of the vector lly.
(2) Derivatives of equilibrium coordinates with respect to x", are first obtained in Cartesian coordinates, i.e., aro/ax.,., and then transformed to internal coordinates by the transformation D, t5s=Dt5r,
according to
The equilibrium variables ro are not given as explicit functions of x, but are given by the equation aV(r:x)/or .. =O . To obtain or%xm we consider its
where t5x". is a vector t5x with ox". as the only nonzero component, ro(x+t5x".) are the equilibrium coordinates belonging to x+t5x"., and ro(x) are the equilibrium coordinates belonging to x. Now consider the solution of aVer, x+6x",) /ar", = 0 by Eq. (5),
",). (21)
It is possible to choose r(x+ox",) such that r(x+ox",)=ro(x). (22) From Eqs. (20)- (22), it follows that
The expressions F-l and F have been used already in the derivation of ro and 1'"" and avv/ax". is derived from analytical expressions of the gradient VV as explicit function of x.
(3) Overend and Scherer 17 considered the normaImode frequencies as functions of the force constants and used the least-squares method to obtain optimal values of force constants. Their result may be written in the notation of Eq. (8) :
where 5' does not depend on equilibrium coordinates. In the present case, however, 5' is a nonlinear function of both the energy parameters x and the equilibrium coordinates ro, which are themselves nonlinear functions of x; OA",/aX",
where ro(x+6x",) is obtained by Eqs. (21)- (23), and Eq. (26) is evaluated numerically using the analytical expression for 5'.
ENERGY FUNCTIONS Preliminary Calculations
The computational procedure described in the foregoing section has been applied on several sets of energy functions. Each set had its energy parameters optimized to give best agreement with a gradually increasing body of experimental data. These included vibrational frequencies, equilibrium conformations, conformational strain energies, and enthalpies of vibration-rotationtranslation. The method was first tested in the set of functions used by Bixon and Lifson,4 with a few modifications, to allow the H atoms to participate in the vibrational modes. With this set of functions the molecular energy is given by 
attributed by Bixon and Lifson 4 to H atoms only. The optimization procedure, Eq. (16), was applied to this set of energy parameters, using as experimental data the excess enthalpy of cyclopentane through cyclooctane, and the conformation and frequencies of cyclohexane. The resulting consistent force field (CFF) gave poor agreement with experiment. The calculated frequencies of cyclohexane were found to deviate from experiment up to several hundred wavenumbers, and the strain energies up to several kilocalories per mole. It was concluded that H···H nonbonded interactions alone are insufficient for a satisfactory CFF.
In the next attempt, a nonbonded interaction potential V(6--exp) for the C··· C interactions was added. The repulsive and attractive terms of the C··· H interaction potential were, following a common assumption, geometric means of those of the corresponding H· •• Hand C··· C interactions. This set of functions also gave an unsatisfactory CFF, and it became evident that the nonbonded interaction potentials V(6--exp) as commonly used in conformation analysis are incapable of meeting the requirements of a consistent force field. We then considered several modifications of the nonbonding interaction potential. The first attempt was to assume that the parameters of V 6-exp for C···H interactions are independent of those of C··· C and H· .. H interactions. This assumption was supposed to give more freedom of adjustment to the complex nature of the interaction between atoms bound to a common carbon. The resulting CFF fully justified our contention of the inadequacy of the former set. The V 6-exp parameters parted drastically from the rule of geometric mean, the coefficient Ccc even changing sign. However, the agreement with experiment, although significantly improved, was still not satisfactory.
Our second attempt was to consider the effect of Coulomb interactions between residual charges, VCoulomb(r) =eefr/r, (29) assumed to be located on the H atoms, with opposite charges situated on the C atoms. Effective charge interactions have been suggested by Kimel, Ron, and Hornig,t9 in the calculation of the crystalline structure of methane from interatomic interaction potentials, where an estimated value eeff=O.le (electronic charge) was assumed. Bradley, Lifson, and Honig 20 used similar effective charge interactions for the calculation of "monopole" interactions between purine and pyrimidine rings, taking the values of the charges from quantummechanical calculations of u-electron 21 and 7r-electron 22 charge distributions. The force-field (CFF) parameters based on these assumptions thus included (see Table I ) the parameters of Eq. (27) (29)]. The body of experiment used for the least-squares optimization of this set was comprised of the following data:
(a) The 38 best assigned fundamental frequencies from infrared and Raman spectra of cyclohexane,16.28-26 listed in Table V. (b) The seven excess enthalpies of the cycloalkanes C6-C12 obtained by calorimetry,27 listed in Table III. (c) The three major conformational parameters of the cyclohexane chair conformation, b i = 1.528 A, a.= 1.106 A, and 9.= 111.5°, determined by electron diffraction. 28 (The value of the torsional angle cf>. is determined by 9; if the symmetry of chair conformation is preserved.)
The calculated results of Set 1 are summarized in brief in Table IX , where the standard deviations of the various observable quantities obtained by different sets of CFF functions are listed for comparison. The results are interesting in several respects. The calculated and experimental excess enthalpies flHealc(fI) agree to within less than 1 kcal/mole for all cycloalkane molecules, thus alleviating an apparent anomaly of cyclopentane (see subsection "Excess Enthalpies"). The effect of vibrational enthalpy On flH is found to be quite significant, as seen in Figs. 1 and 2 . The agreement between calculated and experimental frequencies is reasonable, considering the restrictions inherent in 23 D. A. Dows, J. Mol. Spectry. 16,302 (1965) .
U H. Takahashi, T. Shimanouchi, K. Fukushima, and T. Miyazawa, J. Mol. Spectry. 13,43 (1964 consistent-force-field calculations (see subsequent sections) .
To check the predictive power of Set 1, we calculated a number of properties not included in the least-squares calculations. The results are discussed in subsequent sections, but one result should be pointed out here, to explain the motivation for the next set of CFF parameters. Equilibrium coordinates of medium rings calculated by Set 1 agreed in general quite well with available experimental results. However, the calculated bond angles of highly strained medium rings were systematically too large by 1°_2°.
To correct this deviation we added to the list of experimental results included in the least-squares calculations the experimental values of the bond angles of substituted cyclodecane, which have been determined by Huber-Buser and Dunitz,29 namely, 116 0 and 119° for 6 1 and 6 2 , respectively. The resulting new set of CFF parameters of the energy function of Set 1 is denoted as Set 2, and is included in Table II . The above- deviation was corrected by the least-squares procedure. This was achieved, however, at the expense of an increase of q" of cyclohexane, from 26 to 34 em-i . Even more significant is the fact that practically all the energy parameters have changed by this seemingly modest restriction. This indicated a strong interdependence of the various force constants and nonbonded interactions, which deprives the individual energy functions of an independent physical meaning, and induced us to look for an alternative set of functions for nonbonded interactions. 
Urey-Bradley Force Field and Nonbonded Interactions
Energy functions of nonbonded interactions are assumed to depend on the distance r if between the interacting atoms but not on the number of bonds between them. However, the interactions between two atoms bonded to a common atom (1-3 interactions) behave quite differently, as they are essentially interactions between the bonding orbitals. Following this consideration we tested a third set of energy functions, where 1-3 interactions are represented by a UreyBradley-type field. This potential is obviously nothing more than an approximate substitute to the true BornOppenheimer surface as a function of relative positions of neighboring atoms. It has the disadvantage of being represented by a large number of adaptable parameters, but is a better approximation to the [1] [2] [3] interactions, within the range of variability of the bond lengths and the bond angles considered here, than the functions of Sets 1 and 2. It will hopefully be replaced by a better approximation as we continue the process of comparative analysis and selection of potential functions inherent in the CFF concept. The Urey-Bradley-type field, as introduced here, adds the following terms to Eq. (27):
where rii is the distance between atoms i and j bonded to a common atom and Fih Fi A Lennard-Jones Potential, (31) with four variable parameters for HH and CC interactions: ECC, EHH, rcc*, rHR*, and with ECH= (ECCEHH) 1/2, rCH*=!(rCH*+rRH*), represents non bonded interactions between atoms not bonded to a common atom. The two-parameter Lennard-Jones potential was preferred over the three-parameter 6-exp [Eq. (28)] potential, as we could not at the present stage of our study determine the advantage of one over the other. A more critical analysis of the relative merits of these potentials may be better obtained when experimental data such as crystal structure, determined by intermolecular interactions, will be incorporated in the CFF calculations.
V6-12(r) = E(r*/r) 12-2E(r*/r)6,
The experimental data used for least-squares optimization of this set include all data used in previous sets, plus the following data:
(a) The 18 fundamental frequencies of ethane and 22 frequencies of n-butane taken from Ref. 15 and listed in Table VI . (/6, ~o </>1, -</>8 </>2, -</>7 </>a, -</>8 </>4, -</>9 </>6, -</>10 • The C'l/o symmetry possessed by cyclodecane was not assumed a priori but calculated to a high degree of precision by the modified NewtonRaphson method.
(b) The C-C bond length of ethane, b= 1.538 A, and the bond angle 8= 112.4 0 of n-butane, taken from Bonham, Bartell, and Kohpo ( c) The lowest torsional frequency of cycIopen tane, 288 em-I, taken from Kruse and Scott,31 and the amplitude of puckering of cyclopentane, derived from the pseudorotational moment of inertia, taken from McCullough et al. 32 The resulting CFF parameters are listed as Set 3 in Table II • Calculated by Set 3 of CFF. b Assignments by Kruse and Scott," and references quoted by them, uuless otherwise indicated.
• Assignments based On our intensity and frequency calculation.
the observable y, [Eqs. (13) - (16) ] were chosen so that P,OY I, where 0Yl is experimental error of y" is roughly the same for all experimental data.
Excess Enthalpies
Vibrational excess enthalpies, flHvrt, are given in Fig. 1 for both Set 1 and Set 3, and it is interesting to note the dose similarity of the results, in spite of the pronounced differences between the two force fields. In the classical limit, where each vibrational degree of freedom contributes kT to the enthalpy, the excess enthalpy is !(n-6)kT, i.e., 0.3 kcal/mole per CH2 group at room temperature. The calculated values are about twice as large. In H vrt of cyclopentane we include !kT for the pseudorotational motion which replaces the missing corresponding frequency. The excess enthalpies are given in Fig. 2 and in Table III .
The agreement with experiment is reasonably good, considering that the approximate nature of the CFF set of functions is reflected both in flY and AII vrt • A particular feature of the present calculations of excess enthalpies is that they include both cyclopentane and medium rings. Already Bixon and Lifson realized the extreme difliculty of obtaining potential functions that would fit both cyclopentane and medium rings. The functions used by them give excess strain energies that agree with observed excess enthalpies to within 1 kcal/mole or less for medium rings, but overestimate the value for cyclopentane by more than 5 kcal/mole. Hendrickson's recent calculations,5 which give an even better agreement between calculated excess strain energies and observed excess enthalpies of medium rings, when applied to cyclopentane likewise overestimate the corresponding value by about 5 kcal/mole. In fact, this difficulty, together with the recognition of the possible significance of vibrational excess enthalpies,18 were the major initial stimuli for the present work. We assumed that cyclopentane cannot be considered in the same class of overstrained rings like cyclopropane and cyclobutane, and that the calculation of excess enthalpies of vibration-rotation-translation AH vrt may help to solve the problem. Our results support this assumption. We find, indeed, that the excess strain energies of medium rings are significantly smaller than estimated previously, and that AHvrt values are positive for medium rings and negative for cyclopentane, thus helping in obtaining agreement between calculated and observed AIl. It is interesting that the excess enthalpy of C12H24 is found to be mostly due to AIlvrt, while the strain energy of the molecule is negligibly small.
Conformations
All minimum-energy conformations of the cycloalkane series C 5 through C12 have been calculated with the CFF parameters of Set 3 as a prerequisite for calculations of frequencies and enthalpies. Table IV represents a selection out of these results. It includes all values used in the optimization of the energy parameters. The calculated internal coordinates of ClOH20, included in Table IV , are compared with x-ray determined coordinates of 1, 6-trans-diamino-cyclodecane. 29 The differences between calculated and measured values may be entirely due to substituent and crystal effects. The C 2h symmetry was not assumed a priori but derived to a high degree of precision due to the fast convergence of the energy-minimalization procedure, using the modified N ewton-Raphson method [Eq. (5)J.
Pseudorotation of Cyclopentane
The cyclopentane equilibrium conformation has been shown by Pitzer and co-workers 33 • 34 to be puckered from the previously assumed planar conformation, and to vary continuously on an equipotential energy surface. Soc. 69, 2483 Soc. 69, (1947 keeping one torsional angle (<P3) constant and minimizing the energy with respect to the other independent variables. The energies along the path were found to be constant, to less than 5 cal/mole. This corroborates the previous calculations 1 • 33 with significantly different potential functions and indicates that the existence of an equipotential path is more due to the geometry of cyclopentane than to the exact nature of the intermolecular forces. The curves of Fig. 3 appear to be exact ellipses (to within a small fraction of a degree) ; therefore, all torsional angles can be presented as functions of the pseudorotation variable w, i.e.,
This is in agreement with Eq. (32) for small puckering amplitudes. The periodicity of (Jj is twice that of <p;, because a mirror reflection changes the signs of <Pi> but leaves ( 
The pseudorotational moment of inertia 110 may be calculated by the following consideration. The pseudorotational path is equipotential; therefore, w is a cyclic coordinate, and is represented in the solution of Eq. (8) by a zero eigenvalue for any equilibrium conformation along the path. The corresponding eigenvector oqw represents an infinitesimal motion along the pseudorotational path, and the kinetic energy of this motion is therefore given as
In the normal coordinate w, it is (36) where P w is the momentum conjugated to w (this separation of the Hamiltonian using the cyclic property of w leads to rotator-type energy levels). From Eqs.
(35) and (36) 
Vibrational Frequencies
Among the series of cycloalkanes considered in this paper, cyclohexane is the one whose vibrational frequencies have been studied in most detail. We included in the optimization procedure of energy parameters all frequencies for which different authors suggested the same assignments. Table V presents the calculated results of CFF Set 3 for cyclohexane.
The standard deviation of our calculated values, 20.7 cm-I, is satisfactory, considering the wide ra.nge of requirements imposed on the consistent force field, not encountered in traditional normal-mode analysis, and the neglect of unhamlOnicity. The vibrational frequencies of ethane and n-butane are given in Table VI . The agreement of the calculated and observed frequencies is less than in cyclohexane, presumably due to the CHa group. Its vibrational properties are accounted for in our force field only by two parameters, K", and Ky (see Table II ). It may be noted that the calculated torsional lowest frequency A 1 u of C 2 H 6 , as well as the lowest E", of cyclohexane and the lowest E 2 " of cyclopentane, are all somewhat lower than their observed counterparts, but in quite good agreement. This may indicate that the torsional forces are well represented in the CFF function. As was noted in the introduction, the treatment of n-alkanes here is preliminary, but is sufficient to show that it is possible to calculate the properties of normal and cyclic alkanes by a common consistent field.
Cyclopentane Frequencies
Vibrational frequencies of cyclopentane were calculated from the CFF Set 3 of energy functions. force constant and adjusting the C-C-C bending force constant. The standard deviation of the present calculations from experiment is about 30 em-I. It will be noticed that the calculated lowest frequency of ~" is zero. This reflects the pseudorotational motion in the solution of Eq. (8) for normal modes of vibration.
As the matrix s: of Eq. (8) depends on the equilibrium coordinates, the question may be asked whether or not normal frequencies are the same at different points along the pseudorotational path. Present calculations show that they are definitely the same, within about 1 em-I.
It was pointed 36 • 36 that the Raman and infrared observed spectra of cyclopentane agree better with the plannar Ds/o symmetry than with either C I , C 2 , or C. of the pseudorotational path. In line with this observation, we obtained an approximate degeneracy for those levels which would be assigned as E species in the Ds/o symmetry. This is particularly true for CH stretching. Further explanation for this observation was obtained when the infrared intensities were calculated approximately, to check whether the puckered conformation of cyclopentane has the dipolar properties consistent with the approximate Ds/o selection rules. The dipole moment of the molecule was assumed to be composed additively of the CH dipoles, and the relative intensities were taken as proportional to the square of the molecular dipole derivatives with respect to the normal coordinates. The results for cyclopentane are given in the last column of Table VII , and it is seen that although the puckered conformation deviated much from the planar model, some of the transition that would be forbidden in D6A symmetry are still very weak.
Cyclodecane Frequencies
Another example of the possible application of the consistent-foree-field method to the normal-mode analysis of strained molecules is the assignment of vibrational species for cyclodecane. This molecule is highly strained, and therefore one does not expect force constants obtained for other alkane molecules lli • 16 to be transferable to this case. We calculated the normal frequencies of this molecule by the CFF method, using Set 3 parameters, and compared them with the observed infrared and Raman spectra obtained by Billeter and Guenthard. 87 The equilibrium conformation of cyclodecane has a C 2h symmetry (see Table IV ); therefore, no fundamental frequency is expected to be observed in both Raman and infrared. In Table VIII infrared. Therefore, as A" and Au cannot be distinguished from B" and B u , respectively, the assignment of the lines may not be unique. In the lower-frequency range the assignments are more reliable, and the agreement is quite good.
A concise summary of the computational results is presented in Table IX , where the standard deviations between the calculated and observed quantities are given. The results show an over-all superiority of Set 3 over Sets 1 and 2. Moreover, they prove, we believe, that the method used in this paper is a useful tool for further systematic improvements in the choice of energy functions for the derivation of molecular properties of large classes of molecules. Monte Carlo methods have been used to calculate distributions describing the behavior of particles in a typical, small Kundsen cell. For pressure conditions corresponding to free-molecule flow, three distributions were obtained: (1) the wall collisions per particle, (2) the path lengths of the particles between collisions, and (3) the total path lengths of the particles. Knowledge of these distributions provides considerable insight into the behavior of particles at the beginning of the transition region. In particular, the relationship between gaseous collisions and the Knudsen number is clarified. Also, it is shown that the population of free paths depends on the geometry of the cell but is independent of the condensation coefficient a.. The lifetime of a given particle, however, is strongly dependent on a •• The analysis, which can be applied to any vapor species, is described for gold.
INTRODUCTION
Recent studies l -3 have shown that, for the freemolecule flow region, the effusate from a Knudsen cell comes mainly from the sample surface and the wall of the cell. This is in contrast to the usual assumption that a near-equilibrium gas, governed by kinetic theory, is present. In particular, geometrical features and cell losses appea,r in the ratios of fluxes from the various surfaces, as is seen in the distribution of effusate.
Another departure from kinetic theory lies in the distribution of free paths' within the cell. Because the sample constitutes a sink, the gaseous lifetime of a typical particle is much shorter than the theory predicts, and will depend on the sample size, cell geometry, and the Langmuir coefficient a. As ~, the distribution of path lengths approaches the kinetic-theory prediction, i.e., approaches the classical "particle-in-a-box" model in which the walls act as extensions of the gas phase. For a values closer to unity, however, the size of the sample in relation to the geometry of the cell determines the pathlength distribution, i.e., the distance a particle can travel before being readsorbed on the sample or effused from the orifice, and, in general, the distribution is severely truncated with respect to the longer path lengths.
There is also a distribution of path lengths between bounces and/or re-emissions. This distribution is a function of cell geometry only, as long as gaseous collisions are rare. The average path length 1 between bounces can be calculated from the distribution of
